differ from those presented in [1, 2]; this is associated with both the more precise defini-
tion of data on the limiting dynamic compression diagrams of the soils under consideration,
and allowance for the peculiarities of their cyclic loading.

LITERATURE CITED

1. Z. V. Narozhnaya and G. V. Rykov, "A method for and results of determination of the
mechanical properties of soils with allowance for their viscoplastic properties under
short-term dynamic loads,"” Zh. Prikl. Mekh. Tekh. Fiz., No. 5 (1977).

2. G. V. Rykov and A. I. Skobeev, Stress Measurement in Soils Under Short-Term Loads
[in Russian], Nauka, Moscow (1978).

3. G. V. Rykov, "Results of determinations of the limiting dynamic compression diagrams
for sandy soils and clays," Zh. Prikl. Mekh. Tekh. Fiz., No. 6 (1988).

4, A. F. Novgorodov, G. V. Rykov, and A. N. Sheinin, "Experimental investigations of the
compressibility of soils under short-term dynamic loads using an automated system,"
Zh. Prikl. Mekh. Tekh. Fiz., No. 3 (1990).

5. N. Kritescu, Distribution of Longitudinal Waves in Thin Elastoviscoplastic Rods [Rus-
sian translation], No. 3, Mekhanika, Moscow (1966).

METHOD OF ELASTIC CHARACTERISTIC VARIATION IN THE PROBLEM
OF A LIMITING LOAD

R. A. Kayumov UDC 539.214:539.374

One of the questions of ideal plasticity theory is that of finding limiting loads with
which a structure ceases to resist the action of external forces. Two-way evaluation of
them may be obtained with the help of static and kinematic theorems [1]. Given below is
a procedure based on these theorems making it possible to approach successively the upper
and lower boundaries of the limiting load.

Let the condition for yielding have the form (the Mises~Hill criterion)
I =040 =1, (1)

where ¢ is a vector-column composed of stress tensor components; A is a matrix of plastic
flow characteristics; symbol T means the operation of transposing.

Equations for equilibrium within the body and at its boundary are written in operator
form

Do(z) = q(x), q(@) = go(=)t. (2)

Here D is a matrix of linear differential operators; q,(x) is normalized external load;
t is loading parameter; x is radius-vector for a point of the body.

Coefficient t, is sought on reaching which the structure loses its supporting capacity.

Lower Estimate. The solution of Eq. (2) is presented in the following symbolic form:
6 = 0,t, 0y = D q,. We calculate function I: I = I t?, I, = 0,TA0,. Let with t = t_
stress o be reached for the flow surface of any point of the body. Then

(I max 12 = 1.

Since equilibrium equations are satisfied and stresses do not go beyond flow surface
(1), then according to the static theorem

A (3)
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As can be seen from (3), for the best estimate it is necessary to find the stress field
minimizing (I,)pax (see also [2, 3]). Thus it is necessary to find

X
I* = n‘lyin [(Io)xr;cax]- . (4)

The main idea of the work [4] is that instead of field o, two fields are found, i.e.,
strain field € = Lu (L is linear differential operator, u is displacement vector) and the
matrix of elastic constants E(x) of some theoretical Hooke's law o, = Ee. The possibility
of varying field E appears, e.g., to find it in the form

E = Eyz)Mz).
Here E, is an unchanged symmetrical matrix; A(x) is a variable scalar function of the radius-
vector of a point of the body found from the condition of a minimum for the value (Ig)pax-
N - . X

A feature of A(x) is that it is sufficient to determine it with an accuracy up to a
constant factor. In fact, the solution of Eq. (2) may be written as € = (DE,A)"! q,. Then

o = MIEW(DEM) g, FALE(DE})q,].

The assertion stated above follows from this expression in view of the linearity of D.

We present the calculation operator (I,)pzx in the form [5]
P

(Tp)max = lim {(mess g)—llp (S‘ Ir dg)llp] .
® Porx a

(mess () is a measure of body volume).

Reduction of the Control Problem to a Variational Problem. Let us consider the iso-
perimetric problem of variational reckoning of the minimization of functional F(u, A), where

F={enEgde— [ Quda— | Puar, | (6)
Q Q r

on condition that

(T = (12 (Bt 4 (B s = ¢ %)

" (Q, and P, are normalized vectors of external forces; I' is the surface of the body at which
P, is prescribed; u(x) is a kinematically possible displacement field; we vary field A and
u; ¢ = const). By substituting (5) in (7) and raising to power p we obtain instead of (7)

lim Sllﬁ/czp dQ = mess Q. (8)
pﬁm 9

Use of the Lagrangian multiple method leads to the problem of finding the stationary
point for functional ’

® = F + plim | 712/c% do. %)

poxQ

Variation of (9) gives (furthermore I,, = €TE,AEe)

S[aTan + plim (2pA2P=11E, c“’)] ohd@ + { 8¢" [szos +
9] poee Q

+ plim (2px2”Ig’;lEoAEoe/c”)] o — [ groudn — | P3uar — o,
Q r

P .
Whence

A= lim [— e"E eI P22 /(9 Y(2p—-1)
p];co[ € ofdoo € /( P”)] ] (10)

It is possible to select p so that A is greater than zero:
{(3 + 2n)/4, p>0,
P=lm+ 12, p<0 (n=1,2,..).
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Since energy elE,c is limited almost everywhere, then from (10)
A = 10_51/2 lim (__ 621’)“)1/(2:0'1).

p-—>o0

It is possible to select c¢? so that (=c2Pp)~1/(2p=1) = 1, Then

A = 1V T, (11)

In order to show that equilibrium equations emerge from the variational problem in
question, it is sufficient to return to (6) by substituting (11):

F={eEely” — ([ ude— IS Py dT,
Q Q
Variation of F is written as

oF = { 26"E I %06 a2 — [ 036 d0 — [ 6" Eee™ B AE 8el " d@ — | Piou dr. (12)
Q Q Q T

In view of symmetry of the expression EO€ETE0AEO, ETEossTEDAEoés = eTEOAEoseTan8 =
I,0eTE,8e. From (12) taking account of the minimum of F

oF = [ &% (Ep)sed2 — [ Q3oud — [ Pioudl = [ofsede— [Qiduda— [ Pioudr —o0.  (13)
O Q T Q Q T

Condition (13) conforms with the variational Lagrangian equation which is equiva-

lent to an equilibrium equation. Furthermore, in view of the reciprocity principle prob-

lem (6), (7) is equivalent to the problem of minimizing (I,)psx on the condition of constant
X

F with Euler equations which will also be equilibrium equations and condition (11). Conse-

quently, problem (6), (7) is equivalent to control problem (2), (4), and the optimum condi-

tion will be equality (11).

Upper Estimate. By determining the displacement field from the equilibrium equation
using elastic characteristics E = AE, it is possible to find the upper boundary of the lim-
iting load. According to the well-known theorem [1]

t, <ty =W/U.

Here W is the cardinal number of plastic deformations; U is the cardinal number of external
unit forces. As a kinematically possible velocity field u(x) it is possible to take field
u(x). Then it is easy to calculate W and U.

The procedure for approaching the boundaries of the limiting load is built up as follows.
In order to find the initial approximation we take A{!) = 1. After solving Eq. (13) we
find 00(1) R (Iu)max(l): w(1), (1) and make an estimate of the limiting load coefficient:
X

1/ TP < te <WOSUD. (1)

If this estimate is not satisfactory, then in order to find the next estimate we take
A(2)= [(Ioo(l))]'llz, solve Eq. (13) again, make estimate (14), etc.

Illustrative Example. The procedure for finding the upper boundary is demonstrated
on the problem of estimating from below the supporting capacity of an element of a bent
plate with thickness h. According to the Kirchhoff—Love hypothesis,

o = EEZ, eT = {”11’ Kany 2”12}1 oF = {011: 022.: 012}, (]_5)

where € is a vector of curvature independent of coordinate z normal to the central surface
of the plate; E is matrix of cylindrical stiffnesses. For the determination bending moments
M1l, M22, M!? are presented in the form

h/2

M= | ozds, M*— (a1, M2, M%), (16)
—hl2
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Let M = Myt be found from the equilibrium equation for the plate. Expression (16) may be
interpreted as the integral equation of equilibrium. In the first step with A(3)= 1,
E = E, from (15) and (16)

— E;IM AR
From (11) and (15) it follows that A(2) = sign(z)/z. Substitution of E = A(Z)Eo in (15),
and then in equilibrium, Eq. (16) gives
0¥ = 4M, sign (z)/h?.

A normal two-layer model of the plate was obtained. Since I, = const over the whole height,

then
t_ = W4V MAM,),

which is equivalent to the usual yielding condition used in ideal plastic plate theory.
Use of the Analytical Solutions. The procedure suggested makes it possible to use
effectively analytical unilateral estimates (normally it is easy to obtain equations for

the upper boundary). Then immediately it is possible to assume A(1) = 1vI,,, where I,,
is calculated from the known solution.

As an example we consider the problem of the limiting load for a beam with length [
with one fixed end and one hinged end (Fig. 1; m and R are reactions).

The method of plastic joints gives [1]:
g =g, =11.6 M, M, = 20,5,/ (17)

(0. is yield point with axial tension, Sy is static moment).
s y P X

Plastic hinges arise at the fixing (z =0) and at distance z = £] = 0.586! from it.
By assuming that the beam consists of four sections with different stiffnesses (E = E, is
assumed to be small in the first and third sections, and in the second and fourth E =
E;/a, o < 1), we find function uj which approximates deflection u (see Fig. 1) in the sec-
tion with number i:

EJull) = AID; + €T + f(D], A = {{1)’ z:;’i’

L= 2/l, f() = Bml¥2 + BOR/6 — l%gT424,
Dy =0C, =0, C, =f(A)a, D, = (f(A) — ' (A)A) e,
Cs = —f'(€), Dy = '(B)E — f(8), Cy = [f'(A) + "' (£)A Ve,
« = YA, u(l) =u,’(1) =0

(J¢ is moment of inertia,AA is the relative length of Sections 1 and 3). By letting « and
A approach zero it is possible to estimate t,. The maximum value of t. is achieved with
Afa = 0.257 and it conforms with (17).

R x t¢0

¢ “TT T T 1T
n” Z
ﬁ a7

7 7 37 |
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Results of Numerical Experiments. Problem 1. The limiting value of the load applied
through a rigid core in the plane of a plate was found (Fig. 2, t, is the upper boundary
obtained in [6]).

Solution by the aforementioned procedure was performed by the finite element method
(triangular elements with linear approximation of displacements was used). Calculations
showed that after five to six iterations t. and t} are almost stabilized. 1In addition, with

= 0 approximate value t, calculated as the mean arithmetic value of t} and t_ stabilizes
after the first approximation. For example, the difference between t, = (t+ + t_.)/2 in the
second and ninth steps is 1.9%, and in the eighth and ninth it is —0.087%. The picture indi-
cating convergence of the method in relation to the number of iterations is given in Fig.
2. Also given there are results for P, = 0 which also confirm rapid convergence of the
method. A feature of this problem is the fact that the lower boundary is obtained quite
well immediately.

Comments. Convergence undoubtedly depends on such parameters as Poisson's ratio, the
maximum achieved value of n = Ey,/Enin, and the degree of discretization.

Numerical experiments showed that first, the results depend little on Poisson's ratio
and the difference is not more than 0.57; second, the number n, exists such that for a given
degree of discretization with n > n, calculated results are almost independent of n, for
example for 420 elements n, = 100; third, with an insufficient degree of discretization
the lower boundary may even appear above the upper boundary, which is known from another
solution, e.g., analytical. This is a consequence of the fact that as a rule numerical
methods smooth stress peaks, in view of which (I,)psx obtains a lower true elasticity

X
modulus for the distribution adopted. This case occurs with P = 0 and is shown in Fig. 2.

Problem 2. The supporting capacity of a rectangular hinged plate under a uniform load
was estimated. Triangular Zenkevich elements were used with cubic approximation of displace-
ments in a 12 x 12 grid for a quarter of the region. Poisson's ratio was assumed to be
0.48.

Rapid stabilization of the mean arithmetic boundary for the limiting load was also
observed here. Starting from the third iteration results differed from each other by not
more than 27 and the mean value of limiting load after the fifth iteration with side ratios
of 1 and 1.5 exceeded the analytical upper boundary by 47 and 37 respectively.

It is interesting to note that in the course of iteration the surface of a curved plate
started to take the form of a pyramid which is used with kinematic analysis [7]. The kine-
matically permissible displacement field for a square plate [7] makes it possible to obtain
a good estimate from below immediately. :

The procedure suggested has a characteristic that makes it possible by means of well
developed methods for solving problems of elasticity theory in a small number of iterations
to approach the upper and lower boundaries of the limiting load. In this way individual
results in solving the problem by analytical methods are used effectively.
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